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An analysis is presented of the mechanics of red blood cells flowing in very narrow
tubes. Mammalian red cells are highly flexible, but their deformations satisfy two
significant constraints. They must deform at constant volume, because the contents
of the cell are incompressible, and also at nearly constant surface area, because the
red cell membrane strongly resists dilation. Consequently, there exists a minimal
tube diameter below which passage of intact cells is not possible. A cell in a tube with
this diameter has its critical shape: a cylinder with hemispherical ends. Here, flow of
red cells in tubes with near-minimal diameters is analysed using lubrication theory.
When the tube diameter is slightly larger than the minimal value, the cell shape is
close to its shape in the critical case. However, the rear end of the cell becomes
flattened and then concave with a relatively small further increase in the diameter.
The changes in cell shape and the resulting rheological parameters are analysed using
matched asymptotic expansions for the high-velocity limit and using numerical
solutions. Predictions of rheological parameters are also obtained using the
assumption that the cell is effectively rigid with its critical shape, yielding very
similar results. A rapid decrease in the apparent viscosity of red cell suspensions with
increasing tube diameter is predicted over the range of diameters considered. The red
cell velocity is found to exceed the mean bulk velocity by an amount that increases
with increasing tube diameter.

1. Introduction

The aim of this paper is to develop theoretical models for the motion of elongated
rigid and flexible particles along tubes, when particle diameters are comparable with
tube diameters. This work is motivated by an interest in the flow of red blood cells
in microvessels. In large vessels, such as arteries and veins, blood can be represented
as a continuum, but in microvessels the particulate nature of blood must be
considered. Fahraeus & Lindqvist (1931) showed that the apparent viscosity of blood
in microvessels decreases with decreasing vessel diameter. Gaehtgens (1980), using
human blood, demonstrated that this reduction continues down to capillaries with
diameters of 4 to 5 pm. However, the apparent viscosity increases for vessels with
diameters less than this, and tends to infinity as a critical diameter is reached. This
is the minimal vessel size that allows a cell to pass without increasing its surface area.
It has long been stated that the cell shape in this critical case is a cylinder with two
hemispherical ends (Canham & Burton 1968). This may be verified using the calculus
of variations, by seeking to minimize the vessel radius while satisfying the
constraints of constant cell volume V and surface area A. For typical human cells
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(V=90 um? A = 135 um?), the critical radius r, is 1.42 um and the length [, of
the cylindrical part is 12.26 pm.

Theoretical models to describe the motion of red blood cells can be formulated
from first principles, since extensive experimental work has been carried out to
determine the mechanical properties of red blood cells. The fluid mechanies of the
suspending plasma must also be considered. Several approximations can be made
since the plasma is an incompressible Newtonian fluid, and since inertial effects are
negligible. The existence of a thin plasma layer between the vessel and membrane
walls suggests that the Navier-Stokes equations can be approximated by those of
lubrication theory. Experimental observations show that as the capillary radius
decreases, the red cells become longer and narrower and have approximately
axisymmetric shapes.

Secomb et al. (1986) developed asymptotic and numerical solutions for the motion
of axisymmetric red blood cells in capillaries, using lubrication theory. Here,
analogous methods are used to analyse red cell motion in narrower capillaries, with
near-minimal diameters. In §2 the governing equations of membrane equilibrium
and fluid mechanics are established. Section 3 is devoted to asymptotic and
numerical solutions for near-critical cell shapes which correspond to the high-
velocity limit, and §4 to solutions for less elongated red blood cells. In §5 the
equations derived in §2 are solved numerically, and the results are compared to the
predictions of §§3 and 4 and to other analyses. This model has essentially three free

parameters: the sphericity index
4 3
IS=_"[§Z], (1.1)

Aldn

the vessel radius, and the cell velocity. Solutions for cells with different sphericities
are presented here since red blood cells may have a wide range of volumes and surface
areas (Papenfuss & Gross 1981).

2. The governing equations
2.1. Membrane equilibrium

The red blood cell consists of a thin elastic membrane filled with cytoplasm, which
is an incompressible Newtonian fluid. Under steady conditions only elastic resistance
to deformations needs to be considered. The modulus of shear elasticity (4.2 x 1073
dyn/cm) is much smaller than that of isotropic dilation (500 dyn/em). Thus isotropic
tension which tends to increase the area of the membrane encounters a stiff elastic
resistance but, at the same time, the membrane shears readily. The bending modulus
(1.8x 107 dyn c¢m) is also very small and consequently bending resistance is
significant only in regions of high curvature.

The external fluid forces are balanced by membrane-induced stresses. When the
membrane is highly stressed, shear and bending strains must be very large in order
to generate correspondingly large shear and bending resistances, but small membrane
dilations can generate high isotropic tensions. In vessels with near-minimal
diameters, large external viscous shear stresses are therefore balanced primarily by
isotropic tensions. We refer to this as the high-velocity limit. Shear and bending
resistances become increasingly important at low cell velocities.

Following Secomb et al. (1986), we introduce cylindrical coordinates (o, ¢,z) as
shown in figure 1. It is convenient to identify points on the membrane surface in
terms of s, the arclength in a plane containing the axis, and ¢, the azimuthal angle.
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Ficure 1. Variables describing geometry of an axisymmetric red blood cell in a cylindrical tube.

Also we define r(s), the distance from the axis; 6(s), the angle that the vector n
normal to the surface makes with the z-axis; ky(s) and k(s), the principal curvatures;
my(s) and m,(s), the bending moments; {,(s) and ¢,(s), the membrane tensions; and
q,(s), the shear force per unit length. The subscripts s, ¢ represent components in the
coordinate directions. The components of tension are

b=ttty ty=tn—ta, (2.1)
where ty =3 (AZ—=A7%) =3Bk, —ky) (ks +ky—k,), (2.2)

in which the interaction between bending and tension forces is included (Secomb
1988). Here ¢, (s) denotes the mean tension, « is the shear modulus of the membrane,
A, = ds/ds, = r,/r is the extension ratio of a membrane element relative to the
unstressed shape, B is the bending modulus and k, is the unstressed curvature. The
unstressed shape is assumed to be a sphere (Secomb et al. 1986). The bending
moments are assumed to be isotropic (Evans & Skalak 1980), and are given by

s = my = Blk,+k,—ky) (2.3)
The curvatures k, and k, are given by
sinf dé
= =—. 2.4
kVS r ? ks dS ( )

The external forces are the pressure difference p(s) between the external and
internal fluids and viscous stress 7(s) due to the external fluid. The equations for
equilibrium of normal stress, tangential stress and bending moments in the
membrane are (Secomb et al. 1986; Secomb 1987):

1d

258 =Pk ty+kyty, (2.4)
1d t,cosf
-2 — 82T - 2.
1d 6
28 (rmy) =26 g (2.6)
rds r
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2.2. Lubrication theory

The flow of the suspending fluid can be modelled using Stokes equations in cylindrical
coordinates (o, @, 2). The further approximations of lubrication theory can be made
since the angle between the membrane and vessel wall is small over most of the
length of the cell. At the front and rear of the cell, the gap between the cell and the
wall widens, and the angle is no longer small. However, lubrication theory can still
be used without introducing significant errors, since it is found that pressure
gradients in these regions are small compared with their values in the narrow-gap
region. Further justification for this approximation is given in §4.1. The momentum
equation in the axial direction is then

p o ou\ dp
060(060) T dz’ 2.7)
where u is the axial component of velocity and the pressure p is a function of z only.
We fix the axes in the cell so that the boundary conditions are w =0 on the
membrane surface o = r(z) and u = w, at the vessel wall o = a, where r(z) defines the
membrane surface, u, is the cell velocity and a the vessel radius (figure 15). Equation
(2.7) can then be integrated and the pressure gradient is given by (Secomb et al. 1986)

dp _ _ 16p Lo, @—1" 1 T e B R
dz-—g(r)—az_rz[uo[ga +————) ag, || a®*+r +_—log(r/a) , (2.8)

where Gy = f u(a, z)%da’ 2.9

r

is known ag the leakback, the volume flow per unit vessel circumference relative to
the cell, and is independent of z. The shear stress on the cell is

a?—r? H,

=1 2r|— o, 2.10

7(r) =19() [rlog (r/a)+ r] rlog (r/a) ( )

If the gap width is assumed small compared with the vessel radius, then a two-

dimensional approximation to (2.8) may be deduced by setting r =a—#A where

h € a. This form is standard in lubrication theory, and is derived more simply
starting with the two-dimensional approximation to (2.7):

d%u  dp
ﬂd—yz =3 (2.11)
where y = a—o, u(y) is the axial velocity and p(z) is the pressure. The boundary
conditions are u = 0 when y = A, and u = u, when y = 0. The pressure gradient can
then be written in terms of the constant leakback ¢, and the gap width:

dp _ __12pq,  6pu,
a; I =T e
h
where o= f udy. (2.12)
0

The shear stresses acting on the cell membrane and the tube wall are, respectively,

T(h) = 6ugqo b 2 —2pu ™Y, T, (k) = 6uqyh 2 —dpu bl (2.13)
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This two-dimensional form is simpler than the axisymmetric form, and equivalent
to it when the gap is very narrow. However, it has been shown that the axisymmetric
form yields more accurate results if the gap is not very narrow relative to the tube
radius (Secomb et al. 1986). Both forms are used below.

2.3. System of equations
The complete problem is specified by combining the equations of axisymmetric
lubrication theory, (2.8) and (2.10), with those of membrane equilibrium, (2.4), (2.5)
and (2.6). A system of first-order ordinary differential equations is obtained with
arclength s as the independent variable:

% = cos 0, (2.14)
de
- =k (2.15)
dk, sinfcosf cosb .
e e (2.16)
dg, sin 6 _ sin sin 0 s cos 0
d_qs =p+lcsts+—r—[t5——x(/\§-—,\s2)+B<k8—— ; )(ks+ - —ko)]—qT’
2.17)
-da% =g(r)sin®, (2.18)
d 0 i i
a‘;s=_“°f [K(/\E—/\gz)—B(ks~Sl:0)(ks-i-Sl:e—ko)]—ksqs—T(r). (2.19)

The boundary conditions are that r and sin@ vanish on the axis and that the
surface area and volume are prescribed. The classical assumptions of lubrication
theory suggest that g(r) sin 6 could be replaced by g(r), and 7(r) by 7(r)sin 6 in (2.18)
and (2.19) respectively. However, analysis of Stokes flow in a corner (§4.1) shows
that (2.18) and (2.19) give better results when 6 is not small.

In the high-velocity limit, the fluid stresses are balanced by isotropic tensions
generated in the cell membrane. Then both shear and bending resistance are
neglected and the above system of equations reduces to the following four equations:

dr
s = cos g, (2.20)
a0 p sinf
L__P_ 2,
ds t, r (2.21)
9P _ or)siné, (2.22)
ds
a,
— = . 2.2
ds 7(r) (2.23)

In this case the solutions are independent of u,, the cell velocity. This limit will be
considered in detail in §§3 and 4.
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3. Solutions for near-critical cell shapes

3.1. Rigid particles

In a vessel of near-minimal diameter, the red cell necessarily assumes a shape close
to the critical shape already discussed. Secomb & Gross (1983) gave an approximate
analysis of this case, assuming that the cell behaves as a rigid body with the critical
shape. This analysis used two-dimensional lubrication theory, with a quadratic
approximation to the gap width A(z). Ozkaya & Skalak (1983) and Ozkaya (1986)
showed that closed-form solutions could be obtained even if this quadratic
approximation was not used. For very elongated cell shapes, the two approaches
yield very similar results, but the approach of Ozkaya & Skalak (1983) is more
accurate for less elongated shapes.

Here we summarize the analysis of Ozkaya & Skalak (1983), and extend it slightly
to consider particles with spheroidal end regions of different lengths. We consider a
body with a central cylindrical section of length fa and radius Aa, and hemispheroidal
ends of length aa and ya (figure 2). The pressure drop along the cell may be obtained
by integrating (2.9):

_ Buu, _ tr }
here I1,= 2—SM——dO for n=1,23 3.2)
¥ "~ J, (I—Xsin6)® I ©.

and C = 2¢,/au,. To evaluate ¢, for rigid particles, we use the zero-drag condition,
applied to a cylindrical region of radius a and the length of the cell. In this case,

na*Ap+F =0, (3.3)

where F is obtained by integrating 7, (equation (2.13)) over the tube surface
bounding the region, yielding

3C 4
F = 2napu, [(a+'y) (30]2—4ll)+ﬂ<(1 _/\)2—1—_—/{)]. (3.4)

Equation (3.2) can be integrated (Gradshteyn & Ryzhik 1980):

CeA*—m/2 . 1H2AA% LAY/243AAF
h==—F7"" Lh=7—x L= (1—A%2 (3-5)
1 1—A A
h A¥ = ;| tan™! c+tan™ ! ——|. 3.6
where (1_/\2)?[ an T an (1_/\2)5} (3.6)

For given values of a, y, # and A, Ap and ¢, can be computed. Ozkaya (1986) gives
a more detailed analysis covering a variety of particle geometries. We use the above
results in §5.
3.2. Flexible particles: outer solutions

When the tube radius a is only slightly larger than the critical radius r, for a flexible
particle, the constraints of constant surface area and volume imply that the cell shape
must be close to the near-critical shape. In this section, we show that the governing
equations for flexible particles permit solutions for membrane shape with cylindrical
and hemispherical ‘outer’ regions, as indicated in figure 3. Similar solutions were
derived by Secomb et al. (1986) for cells with concave rear regions.
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l aa - fa > %’a:

i B
j a

FicURE 2. Assumed geometry of a rigid particle flowing through a tube of radius a. The particle
consists of a cylindrical part of length fa and hemispheroidal ends of length aa and va.

One solution to (2.20)-(2.23) corresponds to a cylindrical membrane (region 111):

tsi

0= %ﬂ',, r=re, p=g(r) (S_Sc)__) ty =—r.g(r) (s—s.) +1g, (3.7)
c
where 7, is the cell radius, and ¢, is a constant such that {, = ¢, at s = s, = inr,. A
second approximate solution to (2.20)—(2.23) is obtained by noting that, according to
(2.12) and (2.13), both the pressure and tension are constants (to leading order) when
h is no longer small. The outer solution in region I is then
0 =s/r, r=r.sinb, p=—p, t,=t, (3.8)

where 0 < s < inr,, r, = 2t,,/p;, p; is the internal pressure of the cell and the external
pressure in this region is set to zero. Similarly, the solution in region V is

0= (s—s)/r.+m, r=r.sinf, p=p,—p;, t, =1, (3.9)

where jnr. +1, <s<s,=nr +1, t, = 3p;—p,)r. and p, is the external pressure in
this region.

There is an abrupt change in membrane curvature and hence in pressure at the
points near the front and rear of the cell where the outer solutions meet. Therefore,
the outer solutions must be matched through narrow transition regions (1T and 1V),

to remove these discontinuities. These transition regions are analysed in §§3.3 and
4.2.

3.3. Flexible particles : transition regions in the high-tension limat

For sufficiently small tube diameters, the tension is large in all parts of the cell
membrane. In this case, we suppose that the non-dimensional gap widthe = 1—r_/a
is small and use the two-dimensional form of lubrication theory, (2.12) and (2.13),
making the further assumption that variations of # from jn are small. The following
set of scalings is introduced :

Hig

4

h=€7‘CH, QO=%€rcu0Q05 S=’rc‘slS’ P= 62P’ tsz/‘l’anaT’ 0=%ﬂ+840,,

(3.10)

where S, the independent variable, and H, @,, P, T, ¢ are all of order one as ¢ 0.

If these are substituted into (2.20)—(2.23), and powers of §; and ¢ are equated, then
it is found that
(0,,0,,85) = (634“,6‘1811,6‘;3). (3-11)
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I II III v’

Ficure 3. Membrane regions used in asymptotic analysis: two ‘outer’ hemispherical regions
(I and V), an ‘outer’ cylindrical region (III) and two ‘inner’ transition regions (II and IV).

For matching with the outer solutions (regions I, III and V), we require that the
curvature is O(1), i.e. §,/8, = O(1). So

(8., 85,85, 8,) = (e1,67%, €73, 63). (3.12)

These scalings imply that the tension is high and approximately constant in the
transition regions, and are consistent with those obtained by Secomb ef al. (1986) for
the front transition region.

The following system of equations is obtained at leading order in both transition
regions:

% —0 (3.13)

‘(il_g -g_l, (3.14)
%g- =6(H*—Q,H™), (3.15)
=0 (3.16)

For matching with the cylindrical region 111, in which H = 1, the above scalings
imply that dP/dS—0 as H—1, and so @, = 1 at leading order, i.e. g, = %er, u,. The
tension 7 is replaced by constants T}, where 1 = 1 at the front, and ¢ = 2 at the rear,
and new independent variables are introduced :

£ =T3(S—Sm) (3.17)

It is convenient to set the origins of the inner coordinates £; at S =8, where
H(Sp;) = 3. With this choice, 7 = 0 at the origins. Let H(S) = f,(£;). Then

;;u —_ ﬁ(f;a—fi_2) (318)

with boundary conditions
fi~0 as§ —o0, f1(0)=4} (3.19)
and fa—>0 asf,>—o0, f,(0)=3 (3.20)

Since only two boundary conditions are available, the solutions are not necessarily
unique. Although (3.18) cannot be solved in closed form, differences between the
front and rear transition regions can be shown by linearizing about the solution
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fi =1 which applies in the cylindrical region. Setting f, = 1+60®; where ¢ < 1
and substituting into (3.18), we obtain at leading order

D) +60,=0. (3.21)

The general solution is
D,(&) = A, e™b e ™mb? [Bi cos (&%—%) +C,;sin (ml—\;?’é)] , (3.22)

where m, = —6%, and 4,, B;, C, are to be determined by applying the boundary
conditions.

At the front transition, (3.19) implies that B, = C, =0, and so &, is uniquely
determined (Secomb et al. 1986). The same holds for the nonlinear equation (3.18)
and the function f, and its derivatives are obtained numerically (figure 4a). The
transition from the hemispherical to the cylindrical region is smooth and monotonic.

At the rear transition,(3.20) implies only that 4, = 0, and so there is one remaining
degree of freedom in @, and f,, which must be determined by matching with the rear
transition region. An example of f, is shown in figure 4 (b). In this case the solution
at the rear has oscillatory modes which are not present at the front. The gap width
(f) shows a local minimum before it widens in the rear region. This behaviour is
characteristic of lubrication solutions with flexible membranes. The above theory for
the transition regions is similar to that applied to the motion of long bubbles in
capillary tubes (Bretherton 1961).

To match the transition solutions with the upstream and downstream solutions,

we consider the pressure \
P(g) = —T{1+T;5f{(€)]. (3.23)

At the front, numerical integration of (3.18) shows that f; >k, ~ 2.123 as §, > — 0.
Since P—>—P, as £, >— o0 and P, = 27T; to leading order, (3.23) implies that

T = k. (3.24)

The tension 7, in the rear transition region can be determined by using (2.13) and
2.23): 3 1
e T,=hk—el/r. (3.25)

Now suppose f; >k, as £, > co. Since P> F —P, as §, > o0 and P,— P, = 27,
T, =i (3.26)

Then k, is determined by equating (3.25) and (3.26), and f, is uniquely determined.
The pressure drop across the cell is given by

AP =2¢l [r,. (3.27)

From (3.25), the assumption that the tension 7} is high in the rear transition region

will not be valid if € reaches a value
kire
[y

For cells with ¥V =90 pm?® and 4 = 135 pm?, ¢, =~ 0.129. The corresponding vessel
radius is a,~ 1.61 pum. Note that for cells with higher sphericity indices, this
estimate for ¢, may be inaccurate since ¢, is no longer small. For example, if
V =109.6 pm® and 4 = 135 pm?, then ¢, = 0.456.

As the vessel radius approaches a,, the above asymptotic analysis has to be
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(a)
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®
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FicURE 4. The functions f, and f, and their derivatives. (a) Front transition region (f,). (b) Example
of f, in rear transition region.

modified, since the tension at the rear transition region is no longer 0(e}) and cannot
be assumed to be approximately constant. This case is considered next.

4. Solution for less elongated cell shapes
4.1. Validity of lubrication theory in a corner flow

In the previous analysis, the use of lubrication theory uniformly over the cell length
was justified on the basis that the angle between the membrane and the wall was
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Rear of cell

2
\\ NN N\ Vessel N

Source wall

FIGURE 5. Geometry assumed for analysis of flow in a corner.

small in all regions where the gap width was not large. However, (3.14) suggests that
the angle 6" may be O(1) if the tension becomes sufficiently small in the rear
transition, and so the applicability of lubrication theory should be examined. An
indication of the accuracy of the lubrication theory approximation is obtained by a
comparison with exact similarity solutions for the case of two-dimensional Stokes
flow in a corner formed by one rigid plane sliding steadily over another (Batchelor
1967), with a point source at the intersection of the two planes (figure 5). The
comparison is made by evaluating the non-dimensionalised pressure gradient p, and
the shear stress 7 on the inclined wall. The rear of the cell is approximated by two
straight line segments as shown in figure 5.

The solution to the Stokes flow problem is determined by introducing a stream
function , which satisfies the biharmonic equation:

Viy =0. (4.1)

In this case, = .+, where the subscript c refers to the corner flow driven by
the moving boundary (Batchelor 1967, p. 225) and s to the source flow. Similarity
solutions are available in the form

Yelr,0) =rf6), y(r,0) =g(0), (4.2)

where r and 6 are the usual polar coordinates, and f and g satisfy
J7+2f7+f =0, f0)=fl6) =f(0,) =0, f(0)=u, (4.3)
g7 +49" =0, g'(0)=g'(6,) =0, (4.4)

where 6, is the angle between the two planes. The wall shear stress and pressure
gradient are then given by

_1&y|l [0y, g6
R, R R (4-5)
" 0 m 0
and Py = Raavng i =ff(32°)+gf(33°) (4.6)

where R is the non-dimensional distance from the intersection of the two planes.
The resulting estimates of shear stress (7, for Stokes flow solution, 7, for lubrication
theory) can be written
_ eGi(ao)_Fi(ao)
7 62R*  6,R

for 1=0,1. (4.7)
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8 1 [l 1 |
(@)
6
4 -
2
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K6,
9 N
6~ Ko(au) ~
L,(8,)
3 -
Ly(6)
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0 0.1 0.2 0.3 0.4 0.5
Gy/7

Fi6ure 6. Comparison of results of lubrication theory and similarity solution for Stokes flow in a
corner. (a) G,(0,) and F,(6,). (b) K,(8,) and L,(8,).

F, and G, are defined so as to approach finite non-zero values when 6, is small, and

_ O%sin 6, 362
Gol0) = sinf,—0,cos6,” o = sin %6, (48)
_ 20y(sin 6,— 0, cos O,) 26,
Fo(eo) - 0§—sin2 00 » E (00) - m (4.9)



The squeezing of red blood cells through capillaries 393

Similarly, the estimates of pressure gradient are

_ Ky(6,) _ e L;(6,)

Py, = : (4.10)
%~ GIR*  GIR®
203sin 0, A
where KO(HO) = m, ( 0) SanB (411)
3 3
L,(6,) = 263 cos 6, L,(6,) = 643 cosBo. (4.12)

A a > i3
sinf,—0,cosf, sin® 0,

Figure 6 shows that the two methods yield very close results when 0, is small. Even
for values of 6, as large as 45°, the results of the two methods differ by at most 20 %,
suggesting that lubrication theory as formulated in §2.2 can yield useful results for
finite angles.

4.2. Intermediate tension at the rear

As the vessel radius increases, the tension in the rear transition region decreases
according to (3.25). Eventually, large curvatures occur in the transition region, from
(2.21), and it is then necessary to reconsider the scalings introduced in (3.10).
Equation (3.11) still applies, but the scalings (3 12) no longer hold since the
curvature is large (3,/8, > 1). From (3.11), 8, < €%, 8, < €73, &, < <€ % and 8, » ¢ in
this case. In particular, the tension in the trans1t10n is 0(/m0 1), We leave the
scalings undetermined, but assume that changes in membrane angle within the
transition region are small, i.e. §, < 1.
With these scalings, the following system is obtained at leading order:

dH _, d¢ P dP ~ 5 4T

W= o gg=OWET-HT), =0 (4.13)
As in §3.3, we introduce a scaled coordinate £ = T-3S—S,,), let H(S) = f(£), and
obtain an equation analogous to (3.18):

1" =61
with f0)=32 f >0 as £>—c0 and f'>0 as £—> 0. (4.14)

The additional condition f”— 0 as £ o0 is imposed (cf. (3.20)) since the curvature is
large in the transition region, but is O(1) in the outer region (V).

For large £, (4.14) can be approximated by the simpler equation f” = — 62, which
has two possible asymptotic solutions as £ - oo, of the form (Bender & Orszag 1978,
pp- 156-158):

fau~a+BE+y+ §1 8 7%, (4.15)
k=1
and Jar ™ §(1810g§)§( +—A—+ Y B,(log &)~ "““)) (4.16)
log€ ;o)

where a,  and y are arbitrary, and J, contains terms of order a~!. The solution f,;
corresponds to the result obtained in the hlgh -tension limit (§3.3), and from (3.26),
the tension in the rear transition is 7, = (2a)i, since f, > 2a as £-> 0. As the gap
width ¢ approaches the value ¢, given by (3.28), the tension decreases, a approaches
zero and f,; becomes singular. The asymptotic solution for the intermediate-tension
case considered here is f,,, which satisfies the condition f;,—~0 as £->o00. The
corresponding unique solution to (4.14) was obtained by numerical integration over
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Ficure 7. The function f and its derivatives for the intermediate-tension case.

a finite range of £ and matching to (4.16). The function f and its derivatives are shown
in figure 7. We conclude that when the tension becomes smaller than O(uu, ¢~) in the
rear transition region, high curvatures are generated locally. Beyond the high-
curvature region, the angle (6 —irn) between the membrane and the wall grows as
(log £)3, rather than linearly with £ as in the high-tension case.

In general, the angle § —in remains small in the transition region. However, if the
tension is decreased sufficiently, this angle eventually attains O(1) values at its
matching with the outer solution in region V. In this case, §,6" = O(1) when
8,(S—8,) = O(1). From (4.13) and (4.16) we find that 8" ~ (18log£/T): for large £.

Hence )
d4(log (1/4,)F = O(1). (4.17)
Using (3.11), we deduce that this case occurs for the following scalings:
(&), 85, 85, 8,) = (ellog el3, e Y[logel?, [logel, [loge| ), (4.18)

which is consistent with the original assumption that e < 6, < 1. Thus, when the
tension drops to O(uugllogel) in the rear transition region, the angle between the
membrane and the wall attains an O(1) value (6, —in) at the matching with the outer
solution, and 6, is given asymptotically by

O ~ tn+ (18pu |logel/t,), (4.19)

where ¢, is the tension in the transition region.

The findings of this section are qualitatively consistent with the solutions
postulated by Secomb & Gross (1983), in which the membrane tension reaches zero
at the rear of the lubrication layer and the membrane angle has a discontinuity. This
physically unrealistic behaviour is a consequence of the neglect of bending resistance
in the membrane. The effects of bending resistance are considered in the next section.
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5. Numerical solutions for cell shape

The boundary-value problems stated in §2.3 can be solved numerically. First, a
new independent variable y is introduced, such that

2nR,sin y Bydy = 2nr ds, (5.1)

where R is the radius of a sphere with the same surface area as the red cell. This
procedure fixes the computational domain, 0 < y < . Since the differential equations
are singular on the axis, at y = 0 and =, they are integrated over a slightly reduced
domain, § € y < 14, with § = n/m (m = 30), and matched to segments of circles at
either end. The above system is stiff and ill-conditioned, and was solved using
multiple-shooting and finite-difference methods.

Cell shapes, pressure and tension distributions computed using the isotropic ten-
sion model (equations (2.20)—(2.23)) are shown in figure 8, for vessel radii of 1.451 pm
and 1.572 pm. The numerical results are consistent with predictions made in
previous sections. The isotropic tension does not vary much in the entrance region
and decreases linearly in the cylindrical region until it reaches a minimum in the rear
transition region. The pressure initially rises rapidly, then linearly in the cylindrical
region, and oscillates at the rear where the cell shows an outwards bulge. As the
vessel radius increases, the rear end becomes less convex and eventually flat. Also,
the amplitude of the pressure swing at the rear diminishes and the pressure variation
becomes monotonic as the tension in the rear transition approaches zero. Further cell
shapes are shown in figure 9 for cells with the same surface area (4 = 135 pm?) but
different volumes.

Cell shapes are also computed using the model including shear and bending
resistance (equations (2.14)—(2.19)). These are shown in figure 10 for a range of vessel
radii. The cell velocity u, is chosen to be 0.01 cm/s, £ = 1 ¢P, x = 0.0042 dyn/cm and
B =1.8x10"" dyn cm. These computed shapes demonstrate the effect of bending
and shear. As the vessel radius increases and the tension at the rear of the cylindrical
region decreases, the rear becomes less convex, then flat and finally concave. The
transition from convex to concave shapes is also a function of cell velocity. At higher
velocities, it occurs at slightly larger vessel radii.

Two rheological parameters with physiological significance are the reduction of
haematocrit due to the Fahraeus effect, and the apparent viscosity. By conservation
of mass
—1-2%%

u
— ; 5.2
Hy  w, au, (5:2)

where H is the tube haematocrit, Hp the discharge haematocrit, and # the mean
bulk velocity. The fact that Hy is less than Hp in general is known as the Fahraeus
effect. We neglect cell-to-cell interactions, so that the apparent viscosity u,,,,
depends linearly on the tube haematocrit

Mapp = H(1+KHy), (5.3)

where K, is the apparent intrinsic viscosity. Assuming that the pressure drop
between cells is given by Poiseuille’s law, we obtain
_ ma?

__[A—W__,]
TV [Buug—2q0/a) [

where Ap is the pressure drop across the cell and [ its length. The above expression

(5.4)
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FicURE 8. Numerical computed cell shapes and variations of pressure and isotropic tension for
flexible particles with volume 90 pm?® and surface area 135 pm?®. (2) @ = 1.451 pm, (b) @ = 1.572 pm.
Pressure and tension non-dimensionalized as shown, with [, = 1 um.

for K is valid if the spacing between cells is of the order of one vessel radius or more
(Secomb et al. 1986).

Values of K, and Fahraeus effect as functions of vessel radius are shown in fig-
ure 11, computed using the rigid-particle approach of §3.1, the asymptotic approach
of §§3.2 and 3.3, and the numerical solutions of both the isotropic and bending and



The squeezing of red blood cells through capillaries 397

(um)

(um)

(um) 2+
‘ JK
0 T T 1 J T T — T ™
4 4 )
3 4 /

(wm) 2 4
0 2 4 6 8 10 12 14

(pm)

Figure 9. Computed shapes for cells with larger volumes. (a) V= 100.2 pm®, ¢ = 1.743 pm;
(6) ¥V =100.2 pm?, a = 1.863 pm; (c) ¥ = 109.6 pm®,a = 1.97 um; (d) V = 109.6 pm?®, a = 2.175 pm.

shear models. Also included for comparison are results for larger vessel radii in which
cells have concave rears (Secomb & Gross 1983).

The results obtained assuming a rigid particle with the critical shape agree well
with the numerical results for a flexible particle. This is perhaps surprising, since the
rigid-particle model neglects the bulging out at the rear which occurs with flexible
particles, and the pressure fields around the particles are very sensitive to such
differences in shape. For example, the rigid-particle model predicts a negative
pressure gradient in the cylindrical region for a particle of critical shape in a vessel
with a radius of 1.45 um, as C > 1—A in (3.1). In contrast, the numerical solution
(figure 8) shows a positive pressure gradient. The asymptotic results underestimate
K., because only the pressure drop over the length of the cylindrical region is
included at leading order. The estimates of K obtained from the bending and shear
model are higher than those obtained from the model of Secomb & Gross (1983).
Inclusion of shear and bending resistance makes the cell less deformable, resulting in
narrower lubrication layers.
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FiaUre 10. Numerically computed cell shapes including bending and shear resistance, with V =
90 um3, A = 135 pm?. (a) a = 1.5 um, (b) @ = 1.52 um, (¢) @ = 1.55 pm, (d) a = 1.6 um.

6. Discussion and conclusions

The deformability of red blood cells allows them to traverse pathways such as
capillaries with remarkable ease, even when the dimensions of these pathways are
smaller than the radius of an unstressed red cell. However, in extremely narrow
pathways such as may occur in bone marrow, spleen, and partially collapsed or
occluded capillaries of other tissues, the red cell approaches the limits of its
deformability. Although these pathways may have more complex geometries than
the case considered here, they share the feature that the cell acquires a rigidity that
it does not otherwise exhibit as the limitation of fixed surface area is reached. The
problem considered here represents a prototype and starting point for analysing this
phenomenon.

One significant finding is that the range of radii in which near-critical shapes occur
is quite small. The minimal radius, in the case of human red cells, is 1.42 um. For
radii up to about 1.55 pm, the overall shape consists of a cylinder with two
hemispherical ends. Further increases in the radius lead to a flattening of the rear of
the cell, which is flat when the radius is 1.572 pm, according to the numerical
calculations in the high-velocity limit. (The more approximate asymptotic theory of
§3.3 predicts that this occurs at a radius of 1.61 um.) These results are consistent
with those obtained using the bending and shear model. As shown in figure 10, the
shape of the cell is convex up to a radius of 1.52 pm at a cell velocity of 0.01 cm/s. The
radius at which this transition in shape occurs increases with cell velocity, and the
isotropic tension model gives the high-velocity limit.

The asymptotic analysis of the isotropic tension model provides insight into the
variation of the cell from its critical shape as the vessel radius increases from the
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Ficurg 11. Computed rheological parameters for red cells with ¥V = 90 um?® and 4 = 135 um*®. @,
rigid-particle model; A, asymptotic results for flexible particles; (1, numerical results for flexible
particles with bending and shear resistance; A, numerical results for flexible particles using the
isotropic tension model; O, results of Secomb & Gross (1983) for flexible particles with concave
rears. (@) Variation of apparent intrinsic viscosity K., with vessel radius a. (b) Variation of the
Fahraeus effect, indicated by H,/H, with vessel radius a.

minimal value. The outer solutions corresponding to the cylindrical and hemi-
spherical regions are matched through transition regions of lengthscale elr,, where er,
is the gap width, and tensions of order yu,e# are generated in the membrane. At the
front, this transition is monotonic, but the membrane bulges out at the rear
transition region. As vessel radius increases, membrane tension decreases and the
transition regions become wider and more pronounced. With further increases in
radius, the tension in the rear transition region falls, until a radius is reached at
which the tension is o(uu,€¥). At this stage, a localized region of high curvature
appears in the transition. If the tension in the rear transition region falls to
O(puyflogel), the angle between the membrane and vessel wall changes by an O(1)
amount through the rear transition layer, so that the rear becomes less convex. The
application of lubrication theory to the rear region in this case can be justified by a
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comparison between the predictions of Stokes equation and lubrication theory in the
case of flow in a corner.

In summary, our results show that red cell shape, rheological parameters, and
distributions of pressure and membrane tension are highly sensitive to changes in
diameter near the minimal value for intact passage of cells. These results, together
with those of Secomb et al. (1986), show the wide variation of axisymmetric red cell
shapes with capillary tube diameter.

This work was supported by National Institutes of Health grants HL34555,
HL17421 and HLO7249.
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